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A B S T R A C T   

Objective: The behavioral response of an erbium-doped fiber laser having two different configu
rations (linear cavity and ring cavity) and subjected to pump modulation is analyzed numerically. 
These same laser configurations with the same initial conditions have previously been studied 
experimentally. 
Methodology: For the numerical analysis, a modified laser model based on the rate equations of a 
three-level class B laser which is quite similar to that of a non-linear oscillator is presented. 
Results: The numerical model generates all the linear and non-linear spectral features observed 
during the experimental analysis. The experimental and numerical bifurcation, time domain and 
frequency domain diagrams match reasonably well. The dynamic behavior of the EDFRL is 
numerically analyzed at low modulation frequencies (below 7 kHz) when the resonance fre
quency ranges from 2 kHz to 10 kHz. The results for the descending chirp of the EDRFL under 
certain pump modulation conditions showed a new strange dynamic behavior requiring further 
studies. 
Significance: The EDFRL can be used for sensing purposes in locations with high background noise 
as it is sensitive even at low frequencies irrespective of the noise. Numerical analysis is a fast and 
reliable way to obtain remarkable information on the spectral behavior of the EDFL.   

1. Introduction 

The merits of erbium-doped fiber lasers (EDFLs) have made them popular for so many years and counting in the areas of secure 
optical communication, medicine, sensing, LIDAR technology, etc. [1–10]. These merits include their immunity to electro-magnetic 
interference, narrow line-width, one-mode operation, slow relaxation times, long interaction length of the laser pumped light with 
the active erbium ions, high amplification or gain, low noise, great sensitivity to external perturbations leading to a series of dynamic 
behaviors, etc., [7]. More so, EDFLs are very compact in size and affordable which makes them applicable in hand-held detectors [11]. 
Hence, it is of great interest to many researchers to study the dynamic features of the EDFL especially under modulation owing to its 
many developing prospective applications. 
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Many studies have been carried out on the experimental and theoretical pump modulation of EDFLs with linear and ring resonators 
where the EDFLs exhibited self-pulsation, linear and non-linear (chaotic) behavior and optical bi-stability [6,12–28]. Nevertheless, this 
type of study is endless as new features are observed with different EDFL configurations. Most of the existing studies developed a 
simple or complex theoretical model based on their EDFL configuration which described their experimental results well. Our laser 
configurations are different from those studied by other authors and are quite simple and affordable. Therefore, the existing theoretical 
models cannot accurately describe our EDFLs. The model of Pisarchik et al. [12] is closely related to our laser configurations, hence 
modification and improvement have been made based on their existing model in order to get a model that describes our laser and 
produces simulation results that match our experimental results reasonably well. In our modification, we consider the resonance 
frequency of the EDFL at a particular time since the EDFL is a resonator and can have different resonance frequencies at different times. 
This is important for characterization of the EDFL’s sensitivity to acoustic waves detection. Pisarchik et al.’s model only considered the 
relaxation oscillation frequency of the EDFL and provided simulation results for two cases only: when the modulation frequency is 
higher and lower than the relaxation oscillation frequency respectively. Also, in the modified code, the driving function is a chirp, and 
so the simulation runs once over a range of frequencies; where the initial and final modulation frequencies and the duration are 
specified in the code. This gives more accurate results. In comparison with the original model where the self-pulsating behavior does 
not appear, our model shows the self-pulsing behavior of the EDFL when there is no modulation as the saturable absorber phenomenon 
is accounted for. 

Previously, we reported on the experimental pump-modulation of our linear and ring EDFLs and presented in detail the linear and 
non-linear behaviors and other features observed [25–27]. In this study, we present the numerical simulation of both EDFLs subjected 
to pump-modulation using parameters similar to those used in our experiments. Numerical bifurcation diagrams obtained agree 
reasonably well with our experimental bifurcation diagrams. Our model is able to envisage the linear and non-linear (chaotic) behavior 
including optical-bistability exhibited under certain pump modulation input conditions. Based on the behaviors observed, the EDFL 
has excellent potential to be used as a sensor, as it revealed high sensitivity at its resonance frequency. 

The next four sections of this paper cover an explanation of the configuration and experimental set-ups of the EDFLs (Section 2); 
theoretical model of the erbium-doped fiber laser (linear and ring) where we present the modified laser model and the normalized 
equations for the two laser configurations (Section 3); the numerical pump-modulation results for both laser configurations to match 
with our experimental results where we also explain the dynamics of our erbium-doped fiber ring laser at low modulation frequencies 
(MF) under various resonance frequencies (RF) (Section 4) and finally the conclusion is given in Section 5. 

2. Configuration and experimental set-up of the EDFLs (linear and ring) 

With reference to [26,27] and [25], brief explanations of the configuration or experimental set-ups of the erbium doped fiber linear 
laser (EDFLL) and the erbium-doped fiber ring laser (EDFRL) are given. 

2.1. Configuration and experimental set-up of the EDFLL 

The EDFLL resonator comprises a 3 m 980/1550 nm high performance wavelength division multiplexer (WDM) coupled to a 3 m 
length erbium doped fiber (EDF) as an active medium having 8 µm diameter core and 125 µm diameter clad. A 3 m length single mode 
fiber (SMF), is coupled to the EDF acting as a sensing arm to sense acoustic waves and vibration. The SMF is finally coupled to 1550 nm 
single side fiber Bragg grating (FBG), with a center wavelength of 1550 nm ± 0.3 nm, and ˃ 99% reflectivity. The entire laser cavity 
length is about 10 m. When the EDFLL is subjected to pump modulation, a manual function generator and digital oscilloscope are 
connected to the single wavelength 980 nm diode laser pump (Gooch & Housego EM595) with a sinusoidal modulation waveform to 
modulate the frequency and voltage of the pumped light. The diode laser pump, with a maximum pump power of 245 mW propels 980 
nm photons into the WDM which couples the photons into the EDF. The photons are absorbed by the erbium ions in the EDF and 

Fig. 1. Experimental configuration of the (a) EDFLL [26,27]; (b) EDFRL [25].  
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1520–1560 nm wavelength photons are spontaneously emitted. The FBG then reflects only 1550 nm wavelength photons back to the 
laser cavity. The erbium ions are then stimulated by the reflected 1550 nm photons to release more photons at 1550 nm. A photo
detector (THORLABS-DET08CFC/M) converts the optical output to electrical output and sends it to an oscilloscope (PicoScope 6 (3000 
series)) used to monitor the spectrum of the laser output. The configuration of the pump-modulated EDFLL is shown in Fig. 1(a) where 
the green and orange arrows signify the optical paths of 980 nm and 1550 nm wavelength photons. 

2.2. Configuration and experimental set-up of the EDFRL 

The EDFRL resonator comprises a single wavelength 980 nm pump laser that pumps photons which are launched into the EDF 
through a WDM. The specifications of the WDM and EDF are as mentioned in Section 2.1. The frequency and voltage of the 980 nm 
pump laser are modulated with a manual function generator (GWINSTEK GFG-8020 H). From the EDF, the photons move to a 3 m 
length SMF called the sensing arm which is coupled to a 1550 nm isolator to ensure the unidirectional transmission of photons in the 
laser resonator. The isolator is coupled to a 90/10 coupler which taps 10% of the intra-cavity laser power and directs it to the 
photodetector to monitor the spectral response of the laser via an oscilloscope. 90% of the laser output is fed back into the ring cavity 
and the cycle continues. No polarizer is used in this set-up. The length of the EDFRLs lasing cavity is about 13 m. The experimental 
configuration of the EDFRL is presented in Fig. 1(b). 

3. Theoretical model of the EDFLL and EDFRL 

Pump modulation has been carried out experimentally as shown in our previous publications [25–27]. Our laser system is classified 
as a three-level class B laser system where its polarization decay rate is of the order 1011 s− 1; its population decay rate from the lasing 
level is of the order 102 s− 1 and the decay rate of its lasing field is of the order of magnitude 107 s− 1. This entails that the polarization 
decay rate of our laser system is considerably higher than that of its population inversion and lasing field [29], hence the polarization 
variable is negligible [20,30]. 

EDFLs are generally three-level laser systems where E1 <E2 <E3 and N2 >N1 >N3. E as shown in Fig. 2 signifies the energy levels 
while N signifies the number of electrons in each energy level. When a pump laser of 980 nm wavelength is turned on, photons are 
emitted and are absorbed by the electrons at E1. When the electrons at E1 gains sufficient energy, they get excited and transit to higher 
energy level E3. The lifetime of electrons at level E3 is short, hence after a very short period, the electrons instantaneously fall to the 
meta-stable level E2 by non-radiative emission (Ѳ32). At E2, the life time of the electrons is longer than that of E3 causing a large amount 
of electrons to accumulate at E2 compared to E3 and E1. This is called population inversion which leads to lasing. After completion of 
the lifetime of electrons at E2, they drop to E1 releasing a photon by spontaneous emission (Ѳ21). This photon reacts with the electrons 
at E2, compelling another electron to drop to E1 releasing two photons via stimulated emission. The process continues and numerous 
photons are emitted as long as the laser medium is being pumped. 

The model used to obtain similar experimental results in Onubogu et al. [27] for linear laser and Onubogu and Pua [25] for ring 
laser, is a modified version of Pisarchik et al.’s model [12] and is based on the two rate equations of a three-level laser for intra-cavity 
laser power (Lp) and population inversion (N2). Lp is measured in inverse seconds (s− 1) and is the total power of the waves 
contra-propagating within the laser resonator (12, 20, 29). N2 is a dimensionless variable where 0 ≤ N2≤ 1 and it refers to the average 
population of the upper level (total concentration of the erbium ions at N2) along the length of the pumped active fiber. Fig. 2 shows the 
energy-level illustration of our model. The rate equations are shown below: 

dLp

dt
= Se(t) + 4LLp

1
2tR

{Q0Qw[N2(Ƹ1 − Ƹ2) − 1 ] − αth } (1)  

dN2

dt
= Ppump(t) − (Ѳ12QwLp)

1
πr2

0
(N2Ƹ1 − 1) −

N2

τ2
(2) 

The definition of all the variables in Eqs. (1) and (2) above and other parameters used in the numerical analysis are in Table 1. Eqs. 
(1) and (2) describe the dynamic behavior of the EDFL when there is zero external modulation. To trigger the non-linear dynamic 

Fig. 2. Energy-level diagram of the Erbium ions in the EDFL system (Note: Laser transition is @ 1550 nm for linear laser and @ 1560 nm for 
ring laser). 

N.O. Onubogu et al.                                                                                                                                                                                                   



Optik 266 (2022) 169519

4

Table 1 
Variables, parameters, and their values, used in the numerical analysis. Variables and parameters without units are non-dimensional.  

Variable Description 

N2 
N2 = (

1
nOL

)

∫L

O

N2(z)dz 

The average population of the upper level along the length of the pumped active fiber. 
Lp (s− 1) Total powers of the waves contra-propagating inside the laser resonator. 
N1 Population of ground level 1 
N2 Population of upper /meta -stable level 2 
Se Se =

Qoλg
2LN2

τ2tRѲ12

r2
010− 3

4(πrf )
2 

The spontaneous emission into the fundamental laser mode. 
PP Pump power at fiber entrance:PP = PP0

1[1 + Amsin2πFmt]
Ppump Pump power: Ppump =

PP[1 − e[− L.Qp+LQpNi ] ]

πr2
oLN0 

R1 R1 = PP
τ2Qwմ2

πr2
o LN0

where
τ2Qwմ2

πr2
oLN0

= 4.819× 10− 18 

Parameter Value Description 
n0 1.45 The refractive index of the core of a “cold” EDF 
L (cm) 300 

1300 
For linear laser: The length of the EDF 
For ring laser: The length of the resonator which includes the length of the EDF (300 cm) 

tR (ns) 31 
10 tR =

2n0(L + lFBG)

c 
{for linear cavity laser} 

tR =
L
c

{for ring cavity laser} 

This is the time taken for the photon to travel inside the resonator/cavity per cycle. 
lFBG (cm) 20 Full length of the FBG coupler end inside the resonator. 
c (cm/s) 29.979 × 109 Speed at which photons travel in the resonator. 
Q0 (cm− 1) 0.0534 Q0 = NoѲ12 The co-efficient that describes the small signal-absorption or resonant-absorption properties of the EDF 

at the laser wavelength. 
No (cm− 3) 5.4 × 1019 No = N1 + N2 

The sum of the concentration of erbium ions in the active fiber. 
Ѳ12 = Ѳ21 

(cm2) 
3 × 10− 21 Ѳ12 = Cross-section of the absorption transition from the lower /ground level 1 to meta-stable level 2. 

Ѳ21 = Cross-section of the return stimulated transition from meta-stable level 2 to ground level 1. 
Ѳ23 (cm2) 0.9 × 10− 21 Cross-section of the excited-state absorption (ESA) from meta-stable level 2 to upper level 3. 
Qw 0.829 Qw = 1-e[− 2(r0/ɤf ) ] This is the factor that signifies a match between the fundamental mode of the laser and the core 

volume of the erbium-doped active fiber. 
MFD (m) 5.2 × 10− 6 Mode Field Diameter of the EDF. 
r0 (cm) 2.6 × 10− 4 The radius of the core of the EDF. 
ɤf (cm) 2.94 × 10− 4 

ɤf = r0(0.65+
1.619
V1.5 +

2.879
V6 ) The radius of the EDF in fundamental mode. 

V 2.30 A parameter relating the numerical aperture (NA) with the radius of the fiber core as: 

V =
(NA)2πr0

λg 

NA 0.22–0.24 Numerical aperture of the fiber 
λg (cm) 1.550 × 10− 4 (linear) 

1.560 × 10− 4 (ring) 
The EDFL wavelength (obtained from the optical spectrum analyzer during experiments[25,26]. 

Ƹ1 2.0 Ƹ1 =
Ѳ12 + Ѳ21

Ѳ12
The co-efficient that shows the relationship between absorption and stimulated transitions. 

Ƹ2 0.4 Ƹ2 =
Ѳ23

Ѳ12
The coefficient that shows the relationship between the cross-sections of the ESA (Ѳ23) and ground-state 

absorption (Ѳ12) at the laser wavelength. 
մ1 1.6 Ƹ1 - Ƹ2 

մ2 2.0 Ƹ1 

αth 3.837 × 10− 2 
αth = γ0 +(

1
2L

)ln(
1

RFBG
) {for linear cavity laser} 

αth = γ0 {for ring cavity laser} 
The intra-cavity losses on the laser threshold. 

γ0 0.038 The non-resonant fiber loss. 
RFBG 0.8 The total reflection co-efficient of the FBG coupler. 
Qp (cm− 1) 0.025 The co-efficient that describes the small-signal absorption or resonant-absorption properties of the EDF at the pump 

wavelength. 
τ2(ns) 107 Lifetime of erbium ions in the excited state (meta-stable state 2) 
Normalized parameter values for linear and ring laser 
Parameter Linear laser Ring laser Formula 
K1 0.00603 0.00603 τ2

Qwմ1 
K2 6.2 × 107 19.19 × 107 

2LQ0(
τ2

tR
)(

մ1

մ2
)

K3 2.03 × 107 6.26 × 107 
2L(

τ2

tR
)(αth

− (մ1 + մ2)
մ2Qw)

(continued on next page) 
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behavior of the EDFL, another variable must be introduced via an external modulating signal. Hence the pump power at the entrance of 
the fiber would then be: 

PP(t) = PP0
1[1+Amsin2πFmt] (3)  

Where PP is the pump power at the entrance of the fiber and PP0
1 is the average pump power at the entrance of the fiber when there is no 

modulation i.e. Am = 0. Parameters Am (modulation or driving amplitude symbolized as MA in this manuscript) and Fm (modulation 
frequency symbolized as MF in this manuscript) can be varied in our simulation and experiment as they are pump-dependent. When 
there is no modulation, PP = PP0

1and PP0
1can be varied to estimate the relaxation oscillation frequency (which is nearly equivalent to 

the RF of the system) at various pump power levels. Therefore, we set the RF of our system before pump modulation is carried out by 
increasing or decreasing the input pump power. 

With Eqs. (1) to (3) and referring to the parameters in Table 1, it is possible to theoretically analyze the behavior of the EDFLL and 
EDFRL subjected to pump-modulation by obtaining the time and frequency domains and the bifurcation diagrams as well. For 
theoretical analysis to be carried out swiftly, Eqs. (1) and (2) can be simplified in the following way: 

In Eq. (1), 

Se(t) =
Qoλg

2LN2(t)
τ2tRѲ12

r2
010− 3

4(πrf )
2 (4) 

In Eq. (2), 

Ppump(t) =
PP[1 − e[− LQp+LQpN2(t)] ]

πr2
oLN0

(5) 

Eq. (4) can be written as: Se(t) =q1N2(t); given that q1=
Qoλg

2L
τ2 tRѲ12

r2
010− 3

4(πrf )
2. 

Eq. (5) can be written as: Ppump(t) = PP(t)q2[1 − e[− q3(1− N2(t))] ]; given that q2 = 1
πr2

o LN0 
and q3 = LQp. 

Assuming that Ƹ1 − Ƹ2 in Eq. (1) is equal to մ1; and Ƹ1 = մ2 in Eq. (2); then: 
Eq. (1) can be re-written as: 

dLp

dt
= q1N2(t)+ 4LLp

1
2tR

{Q0Qw[N2(մ1) − 1 ] − αth } (6) 

Eq. (2) can be re-written as: 

dN2

dt
= PP(t)q2[1 − e[− q3(1− N2(t) ) ] ] − (Ѳ12QwLp)

1
πr2

0
(N2մ2 − 1) −

N2

τ2
(7) 

To normalize Eqs. (6) and (7);. 
Referring to Eq. (6), assuming N1 = Qw[N2(մ1) − 1 ], therefore N2 = Qw+N1

Qwմ1 
and dN2

dt = dN1
Qwմ1dt. Also, dividing the whole Eq. (6) by q1 in 

order to cancel out q1 and then substituting Ip for Lp
q1 

and then multiplying the entire Eq. (6) by τ2 where ϑ = t
τ2

gives: 

dIp

dt
=

τ2

Qwմ1
(Qw +N1)+ 2LQ0IpN1

τ2

tR
− 2LαthIp

τ2

tR
(8) 

Likewise, referring to Eq. (7), assuming N2 = Qw[N2(մ2) − 1 ], therefore N2 = Qw+N2
Qwմ2 

and dN2
dt = dN2

Qwմ2dt. Also, dividing the whole Eq. (7) 

by q1 where Ip =
Lp
q1 

and then multiplying the entire Eq. (7) by τ2 where ϑ = t
τ2

gives: 

dN2
dt = PPτ2Qwմ2q2

q1
[1 − e[− q3(1−

Qw+N2
Qwմ2 )] ] − (Ѳ12Qwτ2մ2)

πr2
0IpN2 −

Qw+N2
q1 

To eliminate the denominator q1, we multiply the whole equation above by q1to get: 

Table 1 (continued ) 

Variable Description 

R1 4.819 × 10− 18 

PP 
4.819 × 10− 18 

PP 
PP

τ2Qwմ2

πr2
oLN0 

Note: R1 is not exactly a constant as PP is varied during simulation so as to set the RF. The constant here 

is 
τ2Qwմ2

πr2
oLN0 

R2 1.46 × 104 4.5 × 104 (Ѳ12Qwτ2մ2)

πr2
0

Qoλg
2L

τ2tRѲ12

r2
010− 3

4(πrf )
2  
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dN2
dt = PPτ2Qwմ2q2[1 − e[− q3(1−

Qw+N2
Qwմ2 )] ] − (Ѳ12Qwτ2մ2)

πr2
0IpN2q1 − (Qw +N2)

(9) 

Since Qw+N1
Qwմ1

= Qw+N2
Qwմ2

; then N1 =
N2մ1+(մ1 − մ2)Qw

մ2
. 

Hence Eq. (8) can be written as: 

dIp
dt =

τ2
Qwմ1

(Qw +
մ1N2

մ2
)+ 2LQ0(

τ2
tR
)( մ1

մ2
)IpN2 − 2L(τ2

tR
)(αth − (մ1 + մ2)

մ2Qw )Ip
(10) 

Introducing constants, Eq. (10) can be written as: 

dIp

dt
= K1(Qw

մ2

մ1
+ N2)+K2IpN2 − K3Ip (11)  

Where K1, K2 and K3 are: 

K1 =
τ2

Qwմ1  

K2 = 2LQ0(
τ2

tR
)(

մ1

մ2
)

K3 = 2L(τ2
tR
)(αth − (մ1 + մ2)

մ2Qw)

Introducing constants, Eq. (9) can be written as: 

dN2

dt
= R1[1 − e[− LQp(1−

Qw+N2
Qwմ2 )] ] − R2IpN2 − (Qw +N2) (12)  

where R1 and R2 re: 
R1 = PPτ2Qwմ2q2; re-introducing the value of q2, R1 becomes: 
R1 = PP τ2Qwմ2

πr2
o L.N0 

where PP is the pump power at the entrance of the optical fiber. 

R2 =
(Ѳ12Qwτ2մ2)

πr2
0q1

; re-introducing the value of q1, R2 becomes: 

R2 = (Ѳ12Qwτ2մ2)

πr2
0

Qoλg
2L

τ2 tRѲ12

r2
010− 3

4(πrf )
2 

Eq. (11) is the normalized laser power density and Eq. (12) is the normalized population inversion at meta-stable or upper level 2 of 
the EDFL. In the simulation, the pump power is a chirp signal, in order to deliver a continuous range of MFs. Therefore, the pump power 
at the entrance of the fiber becomes: 

PP(t) = PP0
1[1+Amsin(2π(Fm + cc.t)t] (13)  

where cc is the chirp coefficient in Hz/s. 
Other initial conditions such as the normalized inlet pump power in inverse seconds and the MA (fixed value) are also inputted 

before running the simulation. The value of the input pump power determines the RF of the laser system. The initial and final MFs and 
the chirp duration of the modulation are specified in the code such that the chirp may be ascending or descending in frequency. For 
each run, the simulation uses a random starting point as it is typical in laser transient computations. Due to this, the laser response may 
not be similar for a particular frequency during up-chirp (ascending MF) and down-chirp (descending MF) since the initial condition is 
not the same [23]. The simulation code generates the laser response by solving the differential equations using ODE45 (Runge-Kutta 
4th order method with adaptive step size). For each input chirp signal, the amplitude of maximum power, at each MF is saved in a file 
and plotted to generate bifurcation, time domain and frequency domain diagrams which show the behavior of the EDFL. 

4. Numerical simulation, analysis and results 

Numerical simulations to obtain the bifurcation, time domain and frequency domain diagrams that describe the dynamics of our 
EDFLL and EDFRL respectively under pump modulation has been carried out using Eqs. (11) and (12). As mentioned earlier, exper
imental analysis on the same linear and ring laser set-ups has been carried out and reported in our previous publications [25–27]. 
Results of the numerical simulations show comparable trends to that of the experimental results, specifically in the RFs. The numerical 
results even seem to give better predictions compared to the experiments for some RFs. The dynamics of the EDFLL and EDFRL is linked 
to the main RF of the laser which is seen nearby the relaxation oscillation frequency of the laser [12]. 
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4.1. Numerical simulation of the EDFLL under pump modulation 

Numerical simulation of the pump modulated EDFLL has been carried out several times with different input conditions; however 
only three results would be presented here. From our previous publication, the diagram in Fig. 3(a) is the experimental bifurcation 
diagram obtained by manually tuning the MF from 1 kHz to 60 kHz using a manual function generator [27]. Before modulation, the 
voltage of the laser (modulation amplitude MA) was fixed at 0.2 V and the laser was pumped at 95 mW power from the laser pump to 
the EDF which is equivalent to a fixed RF of 7 kHz. During pump modulation, the peak to peak amplitude of the optical output was 
measured for every frequency change which is plotted as the bifurcation diagram. The dynamic behavior observed has already been 
explained in details in [27] and can be referred to, however it is important to note that period-doubling bifurcation, regions of optical 
bi-stability (OB) and chaos were identified. For the numerical simulation, parameters that are close to the experimental ones were used 
to obtain the normalized parameter values in Table 1. The initial simulation conditions before modulation are: normalized input pump 
power of 427 s− 1, which is equivalent to 95 mW, to give 7 kHz RF; m = 0.25 which is equivalent to 0.2 V; initial and final MF (1 kHz 
and 60 kHz) and the final end time of the chirp (3 s). These initial conditions enable us obtain an ascending chirp, while for the 
descending chirp, the initial and final MF are reversed. With the maximum peak intensities obtained from the ascending and 
descending chirp, the numerical bifurcation diagram in Fig. 3(b) was plotted. 

Comparison of the bifurcation diagrams showed that all experimental peaks and branches appear in the numerical bifurcation 
figure too, except that in some cases there is a slight shift either forward or backward to the next one, two or three frequencies and the 
heights of the peaks may not be the same in both bifurcation diagrams which is still acceptable [23]. This is not surprising as the reason 
for this is that the calculations for the values used for numerical simulation may involve some approximations and we consider the 
averaged intra-cavity laser power across the EDF length. In the real sense, the variations of power along the active medium should be 
considered but this is not easy to achieve numerically. Also every single loss due to splicing may not be accounted for numerically. 
More so, the EDF is very sensitive to vibrations and other external perturbations even as simple as a slight shift or touch of the set-up 
during the experiments that may cause a minor shift in the expected results. It has also been observed that the regions of chaos and the 
widths of the different OB regions and its profile shape are also correctly predicted to a reasonable extent. Thus, it can be said that the 
numerical result is very close to the experimental result and acceptable. Similar results have been obtained by other authors [12,20,22, 
23]. In the experimental bifurcation diagram in Fig. 3(a), resonance peaks appear at (8, 11, 19 and 49) kHz for the approach from low 
to high frequency and at (9, 14 and 32) kHz vice versa. In the numerical bifurcation diagram, resonance peaks appear at (8, 12, 21 and 
48) kHz for the approach from low to high frequency and at (8, 12 and 26) kHz vice versa. The various frequencies at which resonance 
peak appears are closely related to the natural frequency of the laser system [23]. The very first peak seen from the approach from low 
to high frequency symbolizes the main RF of the system. Experimentally and numerically, it is at 8 kHz which is a perfect match even 
though before modulation it was set at 7 kHz. Likewise, other numerical resonance peaks have a small shift from the experimental 
resonance peaks too. This result is still very much acceptable based on the already explained reasons. Comparison of the time domains 
and frequency domains (not shown in this paper) from the experimental and numerical bifurcation diagrams showed good agreement 
too. 

To avoid any discrepancy and strongly prove that the numerical model describes our EDFLL well, another numerical result is 
presented in Fig. 4 wherein the MA is increased to 0.4 V but the RF remains the same. To generate the experimental bifurcation di
agram shown in Fig. 4(a), photons were pumped at 107 mW power from the laser pump to the EDF which is equivalent to a fixed RF of 
7 kHz at 0.4 V amplitude. Experimental pump modulation from 1 kHz to 60 kHz resulted in the bifurcation diagram in Fig. 4(a). To 
obtain the numerical bifurcation diagram, the initial simulation conditions before modulation are: normalized input pump power of 
390 s− 1 which is equivalent to 107 mW to give 7 kHz RF; m = 0.38 which is equivalent to 0.4 V; initial and final MF (1 kHz and 
60 kHz) and the final end time of the chirp (3 s). The MF was swept in ascending and descending orders and the maximum peak 
intensities at each MF and for each sweep were plotted to obtain the numerical bifurcation diagram (Fig. 4(b)). Comparison of the 

Fig. 3. (a) Experimental [27] and (b) numerical bifurcation diagrams showing the dynamical behaviors of the EDFLL obtained by sweeping the MF 
from 1 kHz to 60 kHz and vice versa at 0.2 V MA and 7 kHz RF. 
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experimental and the numerical bifurcation diagrams showed similar characteristics to that of Fig. 3 and good agreement is seen 
between them. Therefore, the explanation would not be repeated again. In the experimental bifurcation diagram, resonance peaks 
appear at (7, 10, 17 and 46) kHz for the approach from low to high frequency and at (8, 13 and 22) kHz vice versa. In the numerical 
bifurcation diagram, resonance peaks appear at (7, 11, 19 and 46) kHz for the approach from low to high frequency and at (7, 11 and 
24) kHz vice versa. The very first peak seen from the approach from low to high frequency which is the main RF of the system is at 
7 kHz both experimentally and numerically which is a perfect match. Other resonance peaks are also a near match or exactly match 
each other. 

To further support the accuracy of the model for the EDFLL under pump modulation, one more result showing the experimental and 
numerical bifurcation diagrams is presented in Fig. 5 for input conditions of 0.1 V MA, pump power of 201 mW (equivalent to 13 kHz 
RF) and MF of 1 kHz to 60 kHz. To obtain the numerical bifurcation diagram, the initial simulation conditions before modulation are: 
normalized input pump power of 590 s− 1 which is equivalent to 201 mW to give 13 kHz RF; m = 0.09 which is equivalent to 0.1 V; 
initial and final MF (1 kHz and 60 kHz) and the final end time of the chirp (3 s). Comparison of the experimental and the numerical 
bifurcation diagrams showed similar characteristics to that of Figs. 3 and 4 and good agreement is seen between them. In the 
experimental bifurcation diagram, resonance peaks appear at (16 and 26) kHz for the approach from low to high frequency and at (16 
and 21) kHz vice versa. In the numerical bifurcation diagram, resonance peaks appear at (14 and 26) kHz for the approach from low to 
high frequency and at (14 and 21) kHz vice versa. The main RF of the EDFLL is 13 kHz of which the resonance peaks appear near the 
RF. The numerical results of the EDFLL are in good agreement with the experimental results. 

4.2. Numerical simulation of the EDFRL under pump modulation 

Several numerical simulations of the pump modulated EDFRL has been carried out with different input conditions but only two 
results would be presented here. From our previous publication, Figs. 6(a), 7(a), 8(a–c) were obtained from the experimental pump 
modulation of the EDFRL by manually varying the MF from 1 kHz to 30 kHz using a manual function generator at RFs of (2, 3, 5, 7 and 

Fig. 4. (a) Experimental and (b) numerical bifurcation diagrams showing the dynamical behaviors of the EDFLL obtained by sweeping the MF from 
1 kHz to 60 kHz and vice versa at 0.4 V MA and 7 kHz RF. 

Fig. 5. (a) Experimental and (b) numerical bifurcation diagrams showing the dynamical behaviors of the EDFLL obtained by sweeping the MF from 
1 kHz to 60 kHz and vice versa at 0.1 V MA and 13 kHz RF. 
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10) kHz respectively [25]. These results are grouped as one (group 1) to explain the numerical simulation results; while for comparison 
and more complacent explanation, the second result presented is of the experimental and numerical simulation of the pump modulated 
EDFRL from 1 to 60 kHz MF at a RF of 9 kHz and 0.4 V MA which has never been published before. 

Based on the relationship established between pump power and resonance frequency, it was concluded in Onubogu et al. [25] that 

Fig. 6. (a) Experimental and (b) numerical bifurcation diagrams showing the dynamical behaviors of the EDFRL obtained by sweeping the MF from 
1 kHz to 30 kHz and vice versa at 0.4 V MA and 2 kHz RF. 

Fig. 7. (a) Experimental and (b) numerical bifurcation diagrams showing the dynamical behaviors of the EDFRL obtained by sweeping the MF from 
1 kHz to 30 kHz and vice versa at 0.4 V MA and 3 kHz RF. 
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by adjusting the pump power of the EDFRL from 110.4 mA to 180.7 mW, the RF can be shifted from 2 kHz to 10 kHz frequency range. 
This short range can be said to be as a result of the long cavity length of the EDRFL and the limitation of the laser pump diode to 
245 mW power only. Starting with the first group of results (group 1); before experimental pump modulation, the amplitude of the 
EDFRL was set to 0.4 V at all times and for the five different experimental results presented (Figs. 6(a), 7(a), 8(a–c)), the laser was 
pumped at 110.4 mW, 120 mW, 127.6 mW, 150.6 mW and 180.7 mW powers respectively to the EDF which is equivalent to fixed RFs 
of 2 kHz, 3 kHz, 5 kHz, 7 kHz and 10 kHz respectively. Details of this experimentally pump modulated EDFRL with the exact input 
conditions as described can be found in our previous publication [25], so this section of this paper would focus more on the numerical 
results obtained with our model in comparison with the experimental results. During pump modulation, the peak to peak amplitude of 
the optical output were measured for every MF change both in ascending and descending orders, which are plotted as the bifurcation 
diagrams. Detailed explanation of the dynamic behaviors observed has already been explained in Onubogu et al. [25] and can be 
referred to, however it is important to note here that behaviors such as regions of optical bi-stability (OB), period-doubling routes to 
chaos, and chaos were observed. For the numerical simulation, parameters that are close to the experimental ones were used to obtain 
the normalized parameter values in Table 1. The initial simulation conditions are presented in Table 2. The initial and final MF were set 
as 1 kHz and 30 kHz and the final end time of the chirp was set at 3 s 

These initial conditions enable us obtain an ascending chirp, while for the descending chirp, the initial and final MF are reversed. 
With the maximum peak intensities obtained from the ascending and descending chirp, the numerical bifurcation diagrams in Figs. 6 
(b), 7(b), 8(d–f) were plotted. 

It can be observed that in the bifurcation diagrams of the EDFRL in group 1, the bifurcation diagram was only plotted for ascending 
chirp i.e. from low MF to high MF. This is because it is easier to compare the numerical bifurcation results with the experimental 
bifurcation results this way as a strange dynamic behavior was observed for the descending chirp. This strange dynamic behavior was 
noticed for all five input conditions and the reason for this is still unknown and requires further research. A small inset figure inside 
Figs. 6(b) and 7(b) illustrate the actual numerical bifurcation diagram obtained from plotting the peaks from both ascending and 
descending chirps. It shows clearly that the laser dynamics obtained from the numerical descending chirp does not match that obtained 

Fig. 8. Experimental [(a), (b), (c)] and numerical [(d), (e), (f)] bifurcation diagrams showing the dynamical behaviors of the EDFRL obtained by 
sweeping the MF from 1 kHz to 30 kHz and vice versa at 0.4 V MA and 5 kHz RF (a) and (d); 7 kHz RF (b) and (e) and 10 kHz RF (c) and (f). 

Table 2 
Initial conditions for numerical pump modulation of EDFRL.  

Resonance Frequency, 
RF (kHz) 

Normalized input 
power (s− 1) 

Experimental input 
power (mW) 

Normalized modulation amplitude, (symbolized 
as ‘m′ in simulation) 

Modulation amplitude, 
MA (V) 

2 70  110.4  0.38  0.4 
3 94  120.0  0.38  0.4 
5 104  127.6  0.38  0.4 
7 220  150.6  0.38  0.4 
10 400  180.7  0.38  0.4  
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from the experimental descending chirp. It is really a new strange occurrence that with the same normalized rate equations, the 
experimental and numerical bifurcation diagrams obtained from the ascending chirp matches well to a reasonable extent (see 
Figs. 6–8); whereas the experimental bifurcation diagram obtained from the descending chirp does not match that obtained numer
ically. Hence, we can confidently say that the bifurcation diagram of the numerical descending chirp for group 1 is correctly predicted 
because all the other results obtained for other input values of RF and MA (including those not presented in the manuscript) gave 
similar trends numerically which matched with the experimental result. This entails that the strange behavior is from the experimental 
result and not the numerical result. We actually presented this result regardless of the strange behavior because it might have an 
application in the future based on further studies and if so, the model might then be further modified based on the results. To further 
confirm that the model is correct, another result for the EDFRL under pump modulation (Fig. 9(a) and (b)) is also presented to show 
that the experimental and numerical results match well. However, it is important to note that during group 1 experiments, there were 
lots of uncontrolled background noise but we cannot confirm that the background noise is the reason for the strange behavior as it is a 
known fact that frequency modulation is not really affected by noise unlike in amplitude modulation [30]. Even during the numerical 
simulation, high amplitude white noise was included during pump modulation and no significant changes were seen in the bifurcation 
diagrams with and without noise. 

Comparison of the experimental and the numerical bifurcation diagrams for group 1 showed similar characteristics to that of Fig. 3 
and good agreement is seen between them. In the experimental bifurcation diagram (Fig. 6(a)) when the RF is 2 kHz, resonance peaks 
appear at (2, 4, 8 and 20) kHz for the approach from low to high frequency and at (5, 8 and 21) kHz vice versa. In the numerical 
bifurcation diagram (Fig. 6(b)) obtained from ascending chirp only, resonance peaks appear at (2, 4, 7 and 17) kHz. The main RF of the 
system is 2 kHz of which a peak is seen both experimentally and numerically. This is a perfect match. The time and frequency domains 
are also shown for some MFs to show the similarities in the pattern both experimentally and numerically. Similarly, in the experimental 
bifurcation diagram (Fig. 7(a) when the RF is 3 kHz, resonance peaks appear at (3, 5, 9 and 20) kHz for the approach from low to high 
frequency and at (3, 5, 8 and 20) kHz vice versa. In the numerical bifurcation diagram (Fig. 7(b) obtained from ascending chirp only, 
resonance peaks appear at (3, 5, 8 and 20) kHz. The main RF of the system is 3 kHz of which a peak is seen both experimentally and 
numerically. The time and frequency domains are also shown for some MFs to show the similarities in the pattern both experimentally 
and numerically. Furthermore, in the experimental bifurcation diagram (Fig. 8(a)) when the RF is 5 kHz, resonance peaks appear at (4, 
7 and 20) kHz for the approach from low to high frequency and at (5, 8 and 22) kHz vice versa. In the numerical bifurcation diagram 
(Fig. 8(d)) obtained from ascending chirp only, resonance peaks appear at (5, 9 and 21) kHz. The main RF of the system is 5 kHz of 
which a peak is seen experimentally at 4 kHz and numerically at 5 kHz which is still acceptable. More so, in the experimental 
bifurcation diagram (Fig. 8(b)) when the RF is 7 kHz, resonance peaks appear at (5 and 10) kHz for the approach from low to high 
frequency and at (5 and 10) kHz vice versa. In the numerical bifurcation diagram (Fig. 8(e)) obtained from ascending chirp only, 
resonance peaks appear at (7 and 12) kHz. The main RF of the system is 5 kHz of which a peak is seen numerically at 5 kHz, however 
experimentally it is seen at 7 kHz for reasons previously explained. This means the numerical simulation is capable of giving more 
accurate results. Finally, in the experimental bifurcation diagram (Fig. 8(c)) when the RF is 10 kHz, resonance peaks appear at (3, 5, 7 
and 13) kHz for the approach from low to high frequency and at (7 and 11) kHz vice versa. In the numerical bifurcation diagram (Fig. 8 
(f)) obtained from ascending chirp only, resonance peaks appear at (10 and 16) kHz. The main RF of the system is at 10 kHz of which a 
peak is seen numerically at 10 kHz, however experimentally it is seen at 7 kHz for reasons previously explained. This confirms again 
that the numerical simulation is capable of giving more accurate results especially at higher RFs. Other resonance peaks for all the 
numerical and experimental bifurcation diagrams are also a near match or exactly match each other. Thus, the numerical results are in 
good agreement with the experimental results. 

Regardless of this strange behavior observed for the descending chirp, it can still be concluded that our model describes the EDFRL 
well and also shows that even in the presence of a lot of background noise, the EDFRL shows the same behavior as in the absence of 
noise. This makes the EDFRL a very good sensor in areas where there a lots of background noise such as water, oil or gas pipelines, as it 
is still sensitive at low frequencies regardless of the noise. It can be used to detect leakage and the leak locations in these pipelines. It is 
of importance to note this feature because it has been observed that some authors only show the laser dynamics/bifurcation diagram of 

Fig. 9. (a) Experimental and (b) numerical bifurcation diagrams showing the dynamical behaviors of the EDFRL obtained by sweeping the MF from 
1 kHz to 60 kHz and vice versa at 0.4 V MA and 9 kHz RF. 
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their laser starting from around 8 kHz MF because below 7 kHz MF they notice an amplitude-modulation-like lasing waveform [20]. In 
our case, it is different. In our previous publication, we elaborated on this experimentally [25]. 

To avoid any discrepancy based on group 1 results and to strongly prove that our numerical model describes our EDFRL well, we 
present another numerical result in Fig. 9. It is vital to note that further experimental and theoretical analysis were carried out using 
various RFs and MAs (not presented in this paper) of which the results obtained are similar to that of Fig. 9 as expected. This means the 
accuracy of the model can be guaranteed. To generate the experimental bifurcation diagram (which was performed on a different day 
from group 1 experiments and in a quiet environment), the EDFRL was pumped at 188.6 mW power which is equivalent to a fixed RF of 
9 kHz at 0.4 V MA. Experimental pump modulation from 1–60 kHz resulted in the bifurcation diagram in Fig. 9(a). To obtain the 
numerical bifurcation diagram, the initial simulation conditions before modulation are: normalized input pump power of 390 s− 1 

which is equivalent to 188.6 mW to give 9 kHz RF; m = 0.38 which is equivalent to 0.4 V; initial and final MF (1 kHz and 60 kHz) and 
the final end time of the chirp (3 s). The MF was swept in ascending and descending orders and the maximum peak intensities at each 
MF and for each sweep were plotted to obtain the numerical bifurcation diagram (Fig. 9(b)). Comparison of the experimental and the 
numerical bifurcation diagrams showed similar characteristics to that of Fig. 3 and good agreement is seen between them. In the 
experimental bifurcation diagram, resonance peaks appear at (9, 13, 21 and 54) kHz for the approach from low to high frequency and 
at (10, 16 and 34) kHz vice versa. In the numerical bifurcation diagram, resonance peaks appear at (9, 13, 23 and 55) kHz for the 
approach from low to high frequency and at (8, 13 and 22) kHz vice versa. The very first peak seen from the approach from low to high 
frequency, which is the main RF of the system is at 9 kHz both experimentally and numerically which is a perfect match. Other 
resonance peaks are also a near match or exactly match each other. The numerical results are in good agreement with the experimental 
results. 

5. Conclusion 

The dynamics of pump-modulated EDFLL and EDFRL has been numerically investigated in comparison with the dynamics of 
experimentally pump-modulated EDFLL and EDFRL. Parameters similar to the experimental conditions were used in the numerical 
simulations. The bifurcation diagrams showing the behavior of the EDFLL and EDFRL both experimentally and numerically have been 
presented and comparisons made in details. It has been observed that period-doubling bifurcation, regions of optical bi-stability (OB) 
and chaos were identified in both results for EDFLL and EDFRL and also the regions of chaos and the widths of the different OB regions 
and its profile shape are also correctly predicted to a reasonable extent. A new strange dynamic behavior which requires further studies 
was observed based on the numerical results for the descending chirp of the EDRFL under certain pump modulation conditions. 
Regardless of this strange behavior observed for the descending chirp, it can still be concluded that our model describes the EDFRL well 
and also shows a high propensity of the EDFRL to be used as a very good sensor in areas where there are lots of background noise such 
as water, oil or gas pipelines to detect leakage, as it is sensitive even at low frequencies irrespective of the noise. In conclusion, our 
modified laser model has been shown to describe our experimental results well and new experimental results presented confirm the 
validity and accuracy of the improved numerical model. 
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